The aim of the present paper is to develop the asymptotic character of the solutions of linear differential equations of the form
(a, b) and of a complex parameter p, \p\ > B, which satisfy a linear differential equation of the form dnz <Zn_1z . A W âV+/>0-l(a:'/))aV:ri+"■' +Pnao(x>P)z = 0'
Here we assume that the functions a{(x, p) are bounded by the inequalities (2) \a.(x,p)\ = M (*£m£b,\f>\>B), and that (3) ai(x,p) = Y.aij(x)p-i.
(\p\>B).
The coefficients a. of this last series we assume to be continuous with continuous derivatives of all orders on (a, b), but not necessarily real. As a consequence of (2) and (3) are distinct for every a; on (a, 6). By B(p) we denote the real part of the complex number p. Definition. By a region S of the p-plane we understand a region for which the indices 1 to n can be so arranged that for every x on (a, b) and every p on S. If p = p0 is an S point, so that (5) obtains for p = p0, it is clear that (5) holds if only arg p = arg p0. By virtue of this fact the half line arg p = arg p0 belongs to the same region S.
For a given x the relations (5) define a certain closed sector, containing the half line arg p = arg p0. The largest closed sector common to all these sectors, (6) 0=iargp=iV, forms the region S, degenerating to a half line when 6 = -^. The fundamental theorem refers to the solutions of (1) on these regions S, when such regions exist.
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An important set of inequalities on a region S is Finally we introduce the notation
and also the notation E as a generic notation for functions of p and other variables bounded for |p| = B°, when B" is sufficiently large. Lemma I. For every value of i from 1 to n inclusive there exist an infinite number of functions u^ (x), uix (x), • • •, continuous and with continuous derivativea of all order a, auch that uiü(x) does not vanish at any point of (a, b) and auch that if the functiona ui(x,p)=eJa 22%(^)P~J be substituted for z in the expression A(z), the coefficient of
in the expreaaion thus obtained vaniahes identically.
To prove this, write / \ p7¡x«co<« .
where w(x) is some definite one of the n roots w¿(x). We find then
u^(x, p)m e'f'Wl,)dtí:«Jk(x, p)vW(x, p), in which ajk(x, p) is a polynomial in 1/p of degree j -1 at most, whose coefficients are functions of x continuous on (a, 6 ) and with continuous derivatives of all orders. We note that the principal term in the coefficient of v (x, p) in (9) is ( (2) and (3). For convenience we write
We see from (10), (11) that if we place
so that a10(a;) 4= 0 on (a, b), the n roots u>i(x) being distinct.
If then we write in (12) v(
we find the condition that the coefficient of
The equation (16) is true for s = 0 by (14). For s 4= 0 we can write (16) in
since, if in (16) k = s, then I =j = 0 and the term corresponding to this set of values has a coefficient ä00(x) = 0; if k = s -1, we have either 1 = 1, j = 0 or Í = 0, j = 1, and the corresponding terms are the first terms of (17). It appears then that ut_x(x) can be determined in terms of ut_2(x), ut_3(x), ■ ■ -, u0(x) as a solution of a certain linear differential equation of the first order which has no singular points on (a, b) since äxo(x) + 0. Thus u0(x), ux(x), ••-, um_x(x) are obtained in succession from (16) for « = l,2,...,m.
For each w.(x) we obtain in this way a sequence of functions um(x), u.x(x), • • -, such that if the expressions ui(x,p) = eJa l^u(x)p-i be substituted for z in A(z), the coefficient of
vanishes by (17) since the conditions (16) are now satisfied for 8 = 1,2,...,m. Furthermore the differential equation for «,"(*) is homogeneous, so that by taking for u^x) a solution which is different from zero at one point of (a, b), we are sure that ui0(x) does not vanish at any point of (a,b). Since the ai}.(x) were continuous with all of their derivatives, the functions ui0(x), uiX (x), • • • are also continuous with all of their derivatives. The sequence of functions uM(x), uix(x), ■ • • has then the properties stated in the lemma.
If the formal developments ep/>(»*£ _, (,=i,2f...,.) i=o converged and admitted of n-fold term by term differentiation, we should have in them the asymptotic developments of solutions of our differential equation which we desire. This however will not in general be the case. We shall, nevertheless, show in the theorem below that by breaking off after m terms of these series (i. e., by retaining the part n(x,p)) and putting in certain remainder terms we can get true solutions of our differential equation.
In order to prove this we must first prove another lemma in which the form of the differential equation is established which is satisfied by the sums of these m terms (i. e., n(x, p)) without any remainder:
Lemma II. We conclude that K°(x) = avÁx) (*=0, l,---,n-l), the wi(x) being distinct. This is a contradiction. Hence j0>m. (18) and (19), so that License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
Thus treating (28) as a non-homogeneous equation we find an equivalent equation (82) 
where the vJs are obtained from the equations
If in place of these functions v. we introduce functions ü. defined by the equation (37) ±uV(x,p)ûi(t,p) = e>/^it)d,+M(x,!;;p). i=*+i For the consideration of (36) it is fundamental to establish that the functions ebkl and yjru are bounded in the following manner for | p | = j?° : (38) (i=o, i,--.-,»-l). \+u{**t',p)\^T, a = x = ^b
To prove this we note first that from (21) ( 39) uW ( (40) ñ(x,p) = e "Ja \(x,p), we find for the determination oltj^x, p) the n linear equations
The determinant of these equations is a polynomial in 1/p which we called ßn(x, p), and has the principal term ß"0(x) [see (23)] which is not zero. We conclude that for \p\ = B° ( 42) \nu(x,p)\=V, |f,(«t,)|ä,.
Now from (39) and (40) we have We now consider that solution zk(x, p) of (36) for which (46) c;.= jJ and we will show (a) that for \p\ = B' one and but one such solution exists, and this is analytic in p ;
(6) that the solutions zx,z2, ••-,«" thus defined fulfill the relations (27) of our fundamental theorem.
The linear independence of zx, z2, ■ • •, zn is then an immediate consequence of their form (27), since ux, u2, ••-,«" are linearly independent.
The demonstration is thus completed. 
